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The magneto-optical (MO) effects not only are a powerful probe of magnetism and electronic
structure of magnetic solids but also have valuable applications in high-density data-storage tech-
nology. Yttrium iron garnet (Y3Fe5O12) (YIG) and bismuth iron garnet (Bi3Fe5O12) (BIG) are two
widely used magnetic semiconductors with strong magneto-optical effects and have also attracted
the attention for fundamental physics studies. In particular, YIG has been routinely used as a spin
current injector. In this paper, we present a thorough theoretical investigation on magnetism, elec-
tronic, optical and MO properties of YIG and BIG, based on the density functional theory with the
generalized gradient approximation plus onsite Coulomb repulsion. We find that both semiconduc-
tors exhibit large MO effects with their Kerr and Faraday rotation angles being comparable to that
of best-known MO materials such as MnBi. Especially, the MO Kerr rotation angle for bulk BIG
reaches -1.2◦at photon energy ∼ 2.4 eV, and the MO Faraday rotation angle for BIG film reaches
-74.6 ◦/µm at photon energy ∼ 2.7 eV. Furthermore, we also find that both valence and conduction
bands across the MO band gap in BIG are purely spin-down states, i.e., BIG is a single spin semi-
conductor. These interesting findings suggest that the iron garnets will find valuable applications
in semiconductor MO and spintronic nanodevices. The calculated optical conductivity spectra, MO
Kerr and Faraday rotation angles agree well with the available experimental data. The main fea-
tures in the optical and MO spectra of both systems are analyzed in terms of the calculated band
structures especially by determining the band state symmetries and the main optical transitions at
the Γ point in the Brillouin zone.
I. INTRODUCTION
Yttrium iron garnet (Y3Fe5O12, YIG) is a ferrimag-
netic semiconductor with excellent magnetic properties
such as high curie temperature Tc [1], low Gilbert damp-
ing α ∼ 6.7×10−5 [2–4] and long spin wave propragating
length [5]. Various applications such as spin pumping re-
quire a non-metallic magnet. YIG is thus routinely used
for spin pumping purposes [4]. It is also widely used as a
magnetic insulating substrate for purposes such as intro-
ducing magnetic proximity effect while avoiding electrical
short-cut. [6] YIG has high Curie temperature, which is
good for applications across a wide temperature range.
The low Gilbert damping of YIG also makes it a good
microwave material. YIG thus becomes a famous mate-
rial in the field of spintronics, where coupling between
magnetism, microwave and spin current becomes possi-
ble.
Magneto-optical (MO) effects are important examples
of light-matter interactions in magnetic phases. [7, 8]
When a linear polarized light beam is shined from a di-
electric to a magnetic material, the reflected and trans-
mitted light becomes elliptically polarized. The princi-
ple axis is rotated with respect to the polarization di-
rection of incident light beam. The former and latter
effects are termed MO Kerr (MOKE) and MO Faraday
(MOFE) effects, respectively. MOKE allowes us to detect
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the magnetization locally with a high spatial and tempo-
ral resolution in a non-invasive fashion. Furthermore,
magnetic materials with large MOKE would find valu-
able MO storage and sensor applications [9, 10]. Thus it
has been widely used to probe the electronic and mag-
netic properties of solids, surface, thin films and 2D mag-
nets [8]. On the other hand, MOFE can be used as a
time-reversal symmetry-breaking element in optics [11],
and its applications such as optical isolators are conse-
quenses of time-reversal symmetry-break [12]. Magnetic
materials with large MOKE or MOFE rotation angles
have technological applications.
YIG is also known to be MO active [13]. Various ex-
periments have been carried out to study the MOKE and
MOFE of iron garnets in the visible and near-UV regime
[14, 15]. Substituting yttrium with bismuth result in bis-
muth iron garnet (Bi3Fe5O12) (BIG). BIG has approxi-
mately 7 times larger Faraday rotation angles than that
of YIG. The effect of doping bismuth into YIG on the
change of MOFE spectrum was studied [16, 17]. The
large radius of bismuth atom seems to make BIG an un-
stable material in bulk. Thus high quality BIG film is
thus difficult to synthesize [18]. Though numerous exper-
imental studies have been done on these systems, first-
principle calulations are scarce. This is probably due to
the complexity of the structures of BIG and YIG. As
shown in Fig. 1(a), they have a total of 80 atoms in the
primitive cell. Although the electronic structures of YIG
and BIG have been theoretically studied [19, 20], no first
principle calculation on the MOKE or MOFE spectra of
2TABLE I. The structural parameters of Y3Fe5O12 and
Bi3Fe5O12 used in this work. For YIG, experimental lattice
constant a = 12.376 A˚ and oxygen positions [21] are used.
For BIG, experimental lattice constant a = 12.6469 A˚ [22] is
used while the oxygen positions are determined theoretically.
Y3Fe5O12 Wyckoff position x y z
FeO 16a 0.0000 0.0000 0.0000
FeT 24d 0.3750 0.0000 0.2500
Y 24c 0.1250 0.0000 0.2500
O 96h 0.9726a 0.0572a 0.1492a
Bi3Fe5O12 Wyckoff position x y z
FeO 16a 0.0000 0.0000 0.0000
FeT 24d 0.3750 0.0000 0.2500
Bi 24c 0.1250 0.0000 0.2500
O 96h 0.0540 0.0300 0.1485
aRef. 21.
YIG and BIG has been reported. Therefore, here we
carry out a systematic first-principle density functional
study on the optical and MO properties of YIG and BIG.
The rest of this paper is organized as follows. A brief de-
scription of the crystal structures of YIG and BIG as well
as theoretical methods is given in Sec. II. In Sec. III,
the calculated magnetic moments, electronic structure,
optical conductivities, MO Kerr and Faraday effects are
presented. Finally, the conclusions drawn from this work
are given in section IV.
II. CRYSTAL STRUCTURE AND
COMPUTATIONAL METHODS
Bulk YIG and BIG crystalize in the cubic structure
with space group Ia3d [21, 22], as illustrated in Fig.
1(a). In each unit cell, there are 48 oxygen atoms at
the Wyckoff 96h positions, 8 octahedrally coordinated
iron atoms (FeO) at the 16a positions, and 12 tetra-
hedrally coordinated iron atoms (FeT ) at the 24d po-
sitions in the primitive cell. In other words, there are
two FeO ions and three FeT ions per formula unit (f.u.).
The experimental lattice constant a = 12.376 A˚, and
the experimental Wyckoff parameters for oxygen atoms
are (x, y, z) = (0.9726, 0.0572, 0.1492). [21] Substituting
yttrium with bismuth in YIG results in BIG. The ex-
perimental lattice constant for BIG a = 12.6469 A˚. [22]
Accurate oxygen position measurement for BIG is still
on demand and under debate [18]. Therefore we use the
experimental parameters for all YIG calculations, while
the experimental lattice constant is used for BIG with
the atomic positions determined theoretically (see Table
I).
Our first principle calculations are based on the den-
sity functional theory with the generalized gradient ap-
proximation (GGA) of the Perdew-Burke-Ernzerhof for-
mula [23] to the electron exchange-correlation potential.
Furthermore, we use the GGA + U method to have a
better description for on-site interactions for Fe d elec-
trons. [24] Here we set U = 4.0 eV, which was found to
FIG. 1. (a) 1/8 of BIG conventional unit cell. Oxygen atoms
are shown as red balls; bismuth atoms are shown as green
balls; FeT atoms are shown as yellow balls; FeO atoms are
shown as blue balls. (b) Brillouin zone of both YIG and
BIG. The red lines denote the high symmetry lines where the
calculated energy bands will be plotted.
be rather appropriate for iron oxides [25]. Indeed, as we
will show below, the optical and MO spectra calculated
using this U value agree rather well with the available
experimental spectra. All the calculations are carried
out by using the accurate projector-augmented wave [26]
method, as implemented in Vienna ab initio Simulation
Package (VASP). [27, 28] A large energy cutoff of 450 eV
for plane-wave basis is used. A 6× 6× 6 k-point mesh is
used for both systems in the self-consistent charge den-
sity calculations. The density of states (DOS) calculation
is performed with a denser k-point mesh of 10× 10× 10.
We first calculate the optical conductivity tensor which
determine the MOKE and MOFE. We let the magnetiza-
tion of our systems be along (001¯) (−z) direction. In this
case, our systems have the four-fold rotaional symmetry
along the z axis and thus the optical conductivity tensor
can be written in the following form [29]:
σ =

 σxx σxy 0−σxy σxx 0
0 0 σzz

 . (1)
The optical conductivity tensor can be formulated within
3the linear response theory. Here the real part of the di-
agonal elements and imaginary part of the off-diagonal
elements are given by [29–31]:
σ1aa(ω) =
πe2
~ωm2
∑
i,j
∫
BZ
dk
(2π)3
|paij |
2δ(ǫkj − ǫki − ~ω),
(2)
σ2xy(ω) =
πe2
~ωm2
∑
i,j
∫
BZ
dk
(2π)3
Im[pxijp
y
ji]δ(ǫkj−ǫki−~ω),
(3)
where ~ω is the photon energy, and ǫki(j) are the en-
ergy eigenvalues of occupied (unoccupied) states. The
transition matrix elements paij = 〈kj|pˆa|ki〉 where |ki(j)〉
are the i(j)th occupied(unoccupied) states at k-point k,
and pˆa is the Cartesian component a of the momentum
operator. The imaginary part of the diagonal elements
and the real part of the off-diagonal elements are then
obtained from σ1aa(ω) and σ
2
xy(ω), respectively, via the
Kramers-Kroing transformations as follows:
σ2aa(ω) = −
2ω
π
P
∫ ∞
0
σ1aa(ω
′)
ω′2 − ω2
dω
′
, (4)
σ1xy(ω) =
2
π
P
∫ ∞
0
ω
′
σ2xy(ω
′)
ω′2 − ω2
dω
′
, (5)
where P denotes the principle value of the integration.
We can see that Eq. (2) and Eq. (3) neglect transitions
across different k-points since the momentum of the opti-
cal photon is negligbly small compared with the electron
crystal momentum and thus only the direct interband
transitions need to be considered. In our calculations
paij are obtained in the PAW formalism [32]. We use a
10 × 10 × 10 k-point mesh and the Brillouin zone inte-
gration is carried out with the linear tetrahedron method
(see [33] and references therein), which leads to well con-
verged results. To ensure that the σ2aa(ω) and σ
1
xy(ω) in
the optical frequency range (e.g., ~ω < 8 eV) obtained
via Eqs. (4) and (5) are converged, we include the unoc-
cupied states at least 21 eV above the Fermi energy, i.e.,
a total of 1200 (1300) bands are used in the YIG (BIG)
calculations.
For a bulk magnetic material, the complex polar Kerr
rotation angle is given by [34, 35],
θK + iǫK =
−σxy
σxx
√
1 + i(4π/ω)σxx
. (6)
Similarly, the complex Faraday rotation angle for a thin
film can be written as [36]
θF + iǫF =
ωd
2c
(n+ − n−), (7)
where n+ and n− represent the refractive indices for left-
and right-handed polarized lights, respectively, and are
related to the corresponding dielectric function (or opti-
cal conductivity via expressions n2± = ε± = 1+
4pii
ω
σ± =
1 + 4pii
ω
(σxx ± iσxy). Here the real parts of the optical
conductivity σ± can be written as
σ1±(ω) =
πe2
~ωm2
∑
i,j
∫
BZ
dk
(2π)3
|Π±ij |
2δ(ǫkj − ǫki − ~ω),
(8)
where Π±ij = 〈kj|
1√
2
(pˆx±ipˆy)|ki〉. Clearly, σxy =
1
2i(σ+−
σ−), and this shows that σxy would be nonzero only if σ+
and σ− are different. In other words, magnetic circular
dichroism is the fundamental cause of the nonzero σxy
and hence the MO effects.
III. RESULTS AND DISCUSSION
A. Magnetic moments
Here we first present calculated total and atom-
decomposed magnetic moments in Table I. As expected,
Y3Fe5O12 is a ferrimagnet in which Fe ions of the same
type couple ferromagnetically while Fe ions of different
types couple antiferromagnetically, as illustrated in Fig.
1(b). Since there are two FeO ions and three FeT ions in a
unit cell, Y3Fe5O12 is ferrimagnetic with a total magnetic
moment per f.u. being ∼5.0 µB (see Table I). The calcu-
lated spin magnetic moments of Fe ions of both types are
∼4.0 µB, being consistent with the high spin state of Fe
+2
(d5↑t1↓2g) ions in either octahedral or tetrahedral crystal
field. We note that the orbital magnetic moments of Fe
are parallel to their spin magnetic moments. Nonethe-
less, the calculated orbital magnetic moments of Fe are
small, because of strong crystal field quenching. Inter-
estingly, there is a significant spin magnetic moment on
each O ion, and this together with the spin magnetic mo-
ment of one net Fe ion per unit cell leads to the total spin
magnetic moment per f.u. of ∼5.0 µB . The calculated Fe
magnetic moments for both symmetry sites agree rather
well with the measured ones of ∼ 4.0 µB. [37] The cal-
culated total magnetization of ∼ 5.0 µB/f.u. is also in
excellent agreement with the experiment. [37]
Bi3Fe5O12 is also predicted to be ferrimagnetic, al-
though the calculated magnetic moments of both FeO
and FeT ions are slightly smaller than the corresponding
ones in Y3Fe5O12 (see Table I). The total magnetization
and local magnetic moments of other ions in BIG are al-
most identical to that in YIG. However, the experimen-
tal mtot for BIG is only 4.4 µB, [38] being significantly
smaller than the calculated value. As mentioned before,
stable high quality BIG crystals are hard to grow. Conse-
quently, this notable discrepancy in total magnetization
between the calculation and the previous experiment [38]
could be due to the poor quality of the samples used in
the experiment.
4TABLE II. Total spin magnetic moment (mts), atomic (averaged) spin magnetic moments (m
Fe
s ,m
O
s ,m
Y (Bi)
s ), atomic (averaged)
Fe orbital magnetic moments (mFeo ) and band gap (Eg) of ferrimagnetic Y3Fe5O12 and Bi3Fe5O12 from the full-relativistic
electronic structure calculations. For comparison, the available measured optical Eg and total magnetization m
t
exp are also
listed.
structure mt (mtexp) m
Fe(16a)
s (m
Fe(16a)
o ) m
Fe(24d)
s (m
Fe(24d)
o ) m
O
s m
Y (Bi)
s Eg (E
exp
g )
(µB/f.u.) (µB/atom) (µB/atom) (µB/atom) (µB/atom) (eV)
Y3Fe5O12 4.999 (5.0
a) -4.177 (-0.016) 4.075 (0.018) 0.067 0.005 1.81 (2.4b)
Bi3Fe5O12 4.996 (4.4
c) -4.161 (-0.018) 4.068 (0.019) 0.066 0.005 1.82 (2.1d)
aRef. 37. bRef. 14. cRef. 38. dRef. 17.
FIG. 2. Spin-polarized density of states of Y3Fe5O12 from the
scalar-relativistic calculation.
B. Electronic structure
Here we present the calculated scalar-relativistic band
diagrams of YIG and BIG. A suitable value of U = 4
eV is used since better agreements with experimental
measurements are obtained in magnetism, optical, and
MO spectrums. Our band diagam calculations show that
YIG and BIG are both direct band-gap semiconductors,
where the conduction band minimum (CBM) and va-
lence band maximum (VBM) are both located at the Γ
point. For BIG, CBM and VBM are both pure spin-up
bands. This means that BIG is a single-spin semiconduc-
FIG. 3. Spin-polarized density of states of Bi3Fe5O12 from
the scalar-relativistic calculation.
tor, which may find applications for efficient spintronic
and spin photovoltaic devices. The calculated band gaps
are shown in Table 1. Note that for YIG, we still under-
estimates band gap even when GGA+U method is used.
The reason is due to that the lowest conduction bands
at E = 1.8 ∼ 2.5 eV above VBM are not accessible with
optical techniques since very few states are in this en-
ergy range and cannot contribute much to optical tran-
sitions. The first main absoption edge for YIG is ∼ 2.5
eV above VBM in our calculation, corresponding to first
main absoption edge ∼ 2.4 eV in experimental optical
spectrums [14]. Since the origin of MO effects in solid is
5FIG. 4. (a) Scalar-relativistic spin-polarized band structure
and (b) fully relativistic band structure of Y3Fe5O12.
due to magnetic dichorism (Eq. (8)), which can not hap-
pen without the presence of spin-orbit coupling. It will
be interesting to examine how does spin-orbit coupling
influence the band diagram. The full relativistic band di-
agrams for YIG and BIG are also presented in Fig. 4(b)
and Fig. 5(b). As one can see, the YIG band diagram
does not change significantly after considering spin-orbit
coupling, while the BIG band diagram is drastically dif-
ferent. The gap at ∼ 3.9 to ∼ 4.5 eV above Fermi energy
was at ∼ 3.4 to ∼ 3.7 eV above Fermi energy without
considering spin-orbit coupling. This suggest that the ef-
FIG. 5. (a) Scalar-relativistic spin-polarized band structure
and (b) fully relativistic band structure of Bi3Fe5O12.
fect of spin-orbit coupling on band diagram for BIG can-
not be approximated as a perturbation, while that for
YIG can. The change for substituting bismuth with yit-
trium not only enhanced the spin-orbit coupling but also
changed the electronic structure drastically. We also cal-
culated total as well as site-, orbital-, and spin-projected
densitied of states (DOS) for YIG and BIG. One can see
partial DOS for Y dominates at E > 4 eV. Previous first
principle works [20] suggest the strong MO effects in BIG
are due to the strong spin-orbit coupling (SOC) intro-
duced by Bi atoms in BIG, and that Bi orbitals mainly
6mix with conduction states since they energetically over-
lap with Bi orbitals. Here we reconfirm their result [20]
in the case of YIG(BIG) for yttrium(bismuth) orbitals
mainly mix with the conduction band. The bismuth s
orbitals are in the energy range of valence band, however
due to its closed-shell nature we do not expect bismuth s
orbitals to mix with iron or oxygen orbitals in the valence
band. As the valence band energy dispersion looks alike
with or without SOC in energy range −2 ∼ 0 eV, this
also suggest that bismuth s orbitals does not introduce
SOC to valence band through mixing. From the partial
DOS, we can see that for the BIG DOS spectrum in the
scalar-relativistic approximation, there are bismuth or-
bitals near the gap at ∼ 3.4 to ∼ 3.7 eV. One can consider
the effect of spin-orbit coupling as a gruadually turned
on interaction, the gap thus opens during the process due
to the presence of bismuth orbital(FIG. 5.). This is the
reason why the BIG band diagram changed drastically
with the presence of spin-orbit coupling, as bismuth or-
bital is mixed with the conduction bands from ∼ 2 eV
to ∼ 6 eV. On the other hand, the yttrium partial DOS
mostly lie above 4.2 eV in the YIG DOS spectrum. The
yttrium partial DOS looks more localized in energy do-
main compare to that of bismuth partial DOS. And the
yttrium orbital does not contribute much to the partial
DOS below the gap at ∼ 4 eV to ∼ 4.2 eV. This suggest
that the yttrium orbital does not mix with the Fe and
O in the conduction band of YIG as much of bismuth
orbitals do in the case of BIG. For the partial DOS spec-
tums for FeT and FeO atoms, both takes similar features
in the case of YIG and BIG. The FeT partial DOS in the
conduction band is fully spin down, while the FeO partial
DOS in the conduction band is fully spin up. The DOS
peak a is mostly consists of t2g orbital while peak b is
mostly consists of eg orbital, therefore the formulation
of the gap for up electrons within energy range of peak
a and b can be explained by crystal field theory. The
partial DOS spectums for FeT (FeO) atoms looks simi-
lar in the case of YIG or BIG because yttrium orbitals
and bismuth orbitals all energetically overlap with the
conduction bands high than ∼ 4 eV. Thus the electronic
structure below 4 eV can be understood with crystal field
theory and orbital mixing for iron and oxygen orbitals.
For ∼ -4 eV to ∼ 4 eV the t2g orbitals all lie lower en-
ergy than eg orbitals lie. This backups the crystal field
theory in the understanding of the electronic structure.
However, crystal field theory can not explain the formu-
lation of the band gap in both materials. The crystal
field for iron atoms corresponds to the weak field limit
for 6 electrons in the FeT and FeO d orbitals. This re-
sults in 4 spins/iron, which agree well with our calculated
atomic magnetization. This also explains that the empty
orbitals for FeT site is purely spin down and that of FeO
site is purely spin up, as 6 spins corresponds to 4 unpaired
spins and 2 paired spins. The difference in the energy of
t2g and eg orbitals is larger in the case of BIG compare
to that of YIG. It is mostly likely due to the structure
difference, as yttrium d orbitals and bismuth p orbitals
FIG. 6. Calculated optical conductivity of Y3Fe5O12. (a)
Real part and (b) imaginary part of the diagonal element;
(c) imaginary part and (d) real part of the off-diagonal ele-
ment. All the spectra have been convoluted with a Lorentzian
of 0.3 eV to simulate the finite quasiparticle lifetime effects.
Red lines are the optical conductivity derived from the exper-
imental dielectric constant. [14]
all energetically overlap with the conduction bands high
than ∼ 4 eV. One can see for the YIG scalar-relativistic
DOS spectrum, there is a low-flat structure near CBM
from E = 1.8 eV to E = 2.5 eV. This is caused by the
first few bands near CBM, which lead to underestimated
first main absoption edge as mentioned above.
For YIG DOS calculated in scalar-relativistic approxi-
mation, the numbers of the spin up valence bands and the
spin down valence bands in primitive cell are quantized.
This is why the difference of spin up valence bands num-
ber and the spin down valence bands number in primitive
cell is quantized - in this case 20 spins per primitive cell.
This corresponds to 5 µB/f.u.. When the SOC is turned
on, the spin up states and spin down states mix with
each other. Thus the calculated mts may not be exactly 5
µB/f.u..But this effect is small since spin mixing mainly
happen on degenerate states and that Y(Bi) Partial DOS
mainly lie in the conduction band. Substituting yttrium
with bismuth did not change much in trend for the par-
tial DOS below Fermi energy. Since bismuth and yttrium
orbitals does not mix much with valence band, the mag-
netic structure of YIG and BIG are thus the same.
7FIG. 7. Calculated optical conductivity of Bi3Fe5O12. (a)
Real part and (b) imaginary part of the diagonal element;
(c) imaginary part and (d) real part of the off-diagonal ele-
ment. All the spectra have been convoluted with a Lorentzian
of 0.3 eV to simulate the finite quasiparticle lifetime effects.
Red lines are the optical conductivity derived from the exper-
imental dielectric constant. [17]
C. Optical Conductivity
Here we show the optical conductivity for YIG and
BIG for they are crucial for predicting MO spectras. Cal-
culated optical conductivity elements of YIG (BIG) is
displayed in Fig. 6 (Fig. 7). Surprisingly, the calculated
optical conductivity elements are quite different for the
case of YIG and BIG even though the magnetic struc-
tures are similar.
For the YIG, σ1xx increases from the absorption edge
(∼ 1.8 eV) to ∼ 4.0 eV, and then further increases up to
∼ 7.0 eV with a smaller slope. It then starts to increase
again with a much steeper slope from ∼ 7.0 eV to ∼
8.0 eV. As for the case of BIG, σ1xx increases from the
absorption edge (∼ 2.2 eV) to ∼ 4.4 eV, and then further
increases up to ∼ 6.0 eV with a smaller slope. It then
starts to decrease from∼ 6.0 eV to ∼ 8.0 eV. The trend of
the σ1xx spectra for YIG and BIG are similar while energy
< 6.0 eV. However the σ1xx starts to increase (decrease)
for the case of YIG (BIG) from ∼ 6.0 eV to ∼ 8.0 eV
. The σ2xx spectra from both YIG and BIG are similar
while energy < 5.0 eV. The σ2xx spectrum has a broad
valley at ∼ 3.5 eV(∼ 3.0 eV) in the case of YIG(BIG).
However the σ2xx spectra differs from each other at energy
> 5.0 eV. There is a sign change in σ2xx occuring at > 5.8
eV for BIG, but the YIG spectrum does not have a sign
change for energy < 8.0 eV.
The σ1xy and σ
2
xy for both YIG and BIG share no sim-
ilar feature except that all the spectra have oscillatory
behaviors and σ2xy is ∼ 0 below absorption edge. The
σ2xy spectrum from YIG has large positive peaks at ∼ 3.4
eV and ∼5.6 eV and large negative peak at ∼ 4.3 eV.
The σ2xy spectrum from BIG has large positive peaks at
∼ 3.0 eV and ∼4.6 eV and ∼6.5 eV and large negative
peak at ∼ 2.3 eV and ∼ 4.0 eV and ∼ 6.0 eV and ∼ 7.3
eV. The σ1xy spectrum from YIG has large positive peaks
at ∼4.8 eV and large negative peak at ∼ 3.9 eV and ∼7.0
eV. The σ1xy spectrum from BIG has large positive peaks
at ∼ 2.5 eV and ∼4.3 eV and large negative peak at ∼
2.0 eV and ∼ 3.6 eV and ∼ 5.7 eV and ∼ 7.0 eV.
We have mentioned before that the theoretical calcu-
lated YIG band gap does not agree with experimental
measured band gap. One can see that the calculated σ1xx
of YIG starts to increase at ∼ 2.4 eV. This agrees with
the experimental band gap of the system. The σ1xx of
YIG is near 0 for photons below ∼ 2.4 eV even though
the calculated band gap is ∼ 1.8 eV . This is because
of the highly dispersive bands near CBM does not con-
tribute much to the joint density of states below ∼ 2.4
eV. As for BIG, no such highly-dispersive bands appear
at CBM, thus the calculated band gap agrees roughly
with the experimental measured band gap [17].
In order to compare with the available experimental
data, we plot the experimental optical conductivity spec-
tra in Figs. 6 and 7. The theoretical predicted diagonal
part of optical conductivity tensor for both YIG and BIG
match perfectly with that of the experimental measure-
ments within the measured energy range.
On the other hand, the calculated σ1xy and σ
2
xy for YIG
are not agreeing so well with the experimental measured
data. For σ1xy spectrum, there is a peak at ∼ 4.8 eV in
the experimental measured data while no such peak is
found in the theoretical calculated σ1xy spectrum near ∼
4.8 eV. For σ2xy spectrum, there is a peak at ∼ 4.5 eV
in the experimental measured data while no such peak is
found in the theoretical calculated σ1xy spectrum near ∼
4.5 eV. However, the trend of the calculated σ1xy (σ
2
xy) is
the same as that of the experimental measured data [14].
As for BIG, the calculated σ1xy and σ
2
xy agree well with
the experimental measured data. The peaks and valleys
in the measured σ1xy and σ
2
xy spectra are also found in our
theory. The peak position, peak heights and overall trend
of experimental data match to that of our theory [17].
The optical selection rule for irreps at Γ point is listed
in the supplement material[S1]. The transitions between
states at Γ point can only be left(right) circular polar-
ized or z-linear polarized, as restricted by symmetry of
the solids. We expect Γ point will give large contribu-
tion to the spectrum as band extremum often happen
at Γ point. Therefore we analysize the band transition
accordingly to the selection rule and try to find out the
main transition in both systems. However the symmetry
allowed transitions are too many and cannot give firm
conclusions. In order to find out the dominant transi-
tions in Eq. (3), we calculate and compare the transi-
8tion matrix elements Im(pxijp
y
ji) for the transitions and
listed out the transitions that is dominating and rele-
vant(transitions with |Im(pxijp
y
ji)| > 0.12 eV for BIG;
transitions with |Im(pxijp
y
ji)| > 0.10 eV for YIG). The
main transition is presented in Fig. 8.,9. They corre-
spond to the peaks in the absorptive spectrum of σxy.
The band symmetries corresponding to the main tran-
sitions at Γ point is listed at supplement material [S2].
In the case of YIG, N1-P1, N2-P2 and N3-P4 are paired
transitions; while for BIG, all main transitions are not
paired. We highlight that for BIG, N1-4 are all transi-
tions near band gap. The left circular nature for the tran-
sitions near band gap is explained in [39] as a result of
BIG being a single spin semiconductor and that bismuth
orbitals mostly mix with unoccupied states. The reason
that most main transitions are paired in the case of YIG
is because spin-orbit coupling only slightly perturbed the
band diagram. As one would expect without spin-orbit
coupling there will be no anomalous hall effect [40], there
will also be no MO effect without the inclusion of spin-
orbit coupling. Therefore YIG will not posses MO effect
without the inclusion of spin-orbit coupling, one will thus
expect right-handed circular transitions to be paired with
left-handed circular transitions while spin-orbit coupling
is off. While spin-orbit coupling is on, the band energy
changed slightly but mainly the oscillator strength of dif-
ferent helicity changed. This results in the magnetic di-
chorism in YIG. This is not the case in BIG, as energy for
transitions with different helicity changed drastically as
spin-orbit coupling is turned on, thus most of the main
transitions of BIG is not paired. For YIG, the main tran-
sitions P1-2, P4-8 and N1-5 are all transitions coupling
valence states and unoccupied states > 4.4 eV. However
for the case of BIG, the main transitions P1-5, P7, N1-4,
N5-8 are all transitions coupling valence states and unoc-
cupied states with energy 2 ∼ 4 eV. This suggest that the
main transitions of BIG differs to that of YIG. The en-
hanced MO activeness of BIG is related to the mixing of
bismuth orbitals with the conduction bands with energy
range 2 ∼ 4 eV(transitions P1-5, P7, N1-4, N5-8). As
for YIG, this mixing of yttrium orbitals with conduction
band of energy lower than 4.4 eV is not significant, so the
dominant transitions are not the transitions that couples
valence states and conduction band of energy lower than
4.4 eV.
The high magnetic dichorism of transitions near band
gap for BIG is very special, consider it as a result form
its single-spin semiconductor nature. We know from Eq.
(8) that magnetic dichorism is due to the imbalance of
σ+(−) as in the case of BIG, one will expect that the
FMAE for σ+(−) will be different. As one can imagine if
we slowly turn on spin-orbit coupling for the case of BIG,
σ+(−) will start out to be the same, but slowly σ+ and
σ− will be effectively shifted with an energy difference
δω , the difference in σ+(−) will thus be approximately
dσ1xx/dω × δω. One will arrive the following espression,
σ2xy ∼ dσ
1
xx/dω × δω/2 (9)
FIG. 8. Relativistic band structures of Y3Fe5O12. Horizontal
dashed lines denote the top of valance band. The principal
interband transitions at the Γ point and the corresponding
peaks in the σxy in Fig. 6 (c) are indicated by red and blue
arrows
The δω at the band gap can be estimated from the
full-relativistic band diagram of BIG, which is rougly
0.17 ∼ 0.32 eV (supplement material[S3]). Eq. (9) can
be verified in Fig. 10. as we plotted dσ1xx/dω× δω/2 and
dσ2xy. However since the splitting between the right(left)
circular transition is far smaller than that of BIG, the
primary mechanism for MO effect in YIG is due to im-
balance of right(left) circular oscillator strength. Thus
Eq. (9) does not apply to the case of YIG.
D. Magneto-optical Kerr and Faraday effect
Here we study the polar Kerr and Faraday effect for
YIG and BIG. The complex Kerr and Faraday rotation
angles as a function of photon energy for YIG and BIG
are plotted in Figs. 8 and 9. The overall trend for the
calculated MOKE spectra for YIG and BIG are quite
different except for the oscillatory behavior. The large
Kerr rotation maximum occurs at the photon energy of
∼ 3.6 eV(0.10◦) for the bulk YIG, of ∼ 3.5 eV(0.80◦) for
the bulk BIG. The large Kerr ellipticity maximum occurs
at the photon energy of ∼ 4.1 eV(0.16◦) for the bulk YIG,
of ∼ 1.9 eV(0.54◦) for the bulk BIG. On the other hand,
the large negative Kerr rotation maximum occurs at the
photon energy of ∼ 4.8 eV(-0.12◦) for the bulk YIG, of
∼ 2.4 eV(-1.21◦) for the bulk BIG. The large negative
Kerr ellipticity maximum occurs at the photon energy of
∼ 5.7 eV(-0.07◦) for the bulk YIG, of ∼ 2.9 eV(-1.16◦)
for the bulk BIG.
9FIG. 9. Relativistic band structures of Bi3Fe5O12. Horizontal
dashed lines denote the top of valance band. The principal
interband transitions at the Γ point and the corresponding
peaks in the σxy in Fig. 7 (c) are indicated by red and blue
arrows
FIG. 10. Calculated absorption part of σxx, σ+, σ− and σxy
of Bi3Fe5O12. dσ
1
xx/dω× δω/2 is plotted for comparison with
σ2xy. δω = −0.17 eV is used, we highlight the coincidence for
the peak at 2 eV.All the spectra have been convoluted with
a Lorentzian of 0.3 eV to simulate the finite electron lifetime
effects.
We can compare our calculated Kerr rotation angles
with other known MO material families such as 3d tran-
sition metal alloy [8] and compound semiconductors. For
magnetic metals, ferromagnetic 3d transition metals and
their alloys are an important family. Among them,
manganese-based pnictides are known to have strong MO
properties. In particular, MnBi thin films were reported
to have a large Kerr rotation angle of 2.3◦.(at photon en-
ergy ∼ 1.84 eV) [36, 41] Pt alloys such as FePt, Co2Pt
[42] and PtMnSb [43] possess large Kerr rotation an-
gles. It was shown that the strong SOC of heavy Pt
in these systems are important for the cause of strong
MOKE. [42] Among semiconductor MO materials, di-
luted magnetic semiconductors Ga1−xMnxAs were re-
ported to show large Kerr rotations angle as large as
∼ 0.4 ◦.(of photon energy ∼ 1.80 eV) [44] Therefore, the
strong MOKE effect in YIG and BIG could have promis-
ing applications such as high density MO data-storage
devices or MO nanosensors with high spatial resolution.
YIG are also known to have excellent microwave prop-
erties (low magnetic damping) and a perfect spin cur-
rent conductor. YIG and BIG may have applications in
spintronics devices as interfaces between microwave, spin
current and optics.
The calculated complex Faraday rotation angles for
YIG and BIG film are presented in Fig. 9. The
large Faraday rotation maximum occurs at the photon
energy of ∼ 3.9 eV(7.2◦/µm) for the YIG, of ∼ 3.7
eV(51.2◦/µm) for the bulk BIG. The large Faraday el-
lipticity maximum occurs at the photon energy of ∼ 4.4
eV(7.9◦/µm) for the bulk YIG, of ∼ 2.3 eV(54.1◦/µm)
for the bulk BIG. On the other hand, the large negative
Faraday rotation maximum occurs at the photon energy
of ∼ 5.4 eV(-5.7◦/µm) for the bulk YIG, of ∼ 2.7 eV(-
74.6◦/µm) for the bulk BIG. The large negative Faraday
ellipticity maximum occurs at the photon energy of ∼ 6.6
eV(-3.6◦/µm) for the bulk YIG, of ∼ 3.2 eV(-70.2◦/µm)
for the bulk BIG. For comparision, we notice that MnBi
films are known for large Faraday rotation angles of
∼ 80◦/µm(at 1.8 eV). [36, 41] Finally, we compare our
predicted MOKE and MOFE spectra with experimental
measurements within available photon energy range. All
of predicted MOKE and MOFE are in good agreement
with experimental measurements [14, 15, 17, 45]. Our
theoretical predictions will have better agreement if all
of the calculated spectra are blue-shifted by 0.3 eV. The
measured MOKE and MOFE angle are larger than our
theory but within acceptable range.
IV. CONCLUSION
To summarize, we have systematically studied the
magnetism, electronic structure, optical and MO prop-
erties of cubic iron garnets Y3Fe5O12 and Bi3Fe5O12 by
performing GGA+U calculations. We find that both
Y3Fe5O12 and Bi3Fe5O12 exhibit strong MO effects. In
particular, the Kerr rotation angle of Bi3Fe5O12 becomes
as large as -1.2◦at photon energy ∼ 2.4 eV, and the Fara-
day rotation angle for BIG film reaches -74.6 ◦/µm at
photon energy ∼ 2.7 eV. The principal features in the op-
tical and MO conductivity spectra are analyzed in terms
of the calculated band structures and especially the inter-
band optical transition matrix elements at the Γ point.
For example, we find that the main peak of YIG and BIG
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FIG. 11. Calculated complex Kerr rotation angle. (a) Kerr ro-
tation (θK) and (b) Kerr ellipticity (εK) spectra of Y3Fe5O12;
(c) Kerr rotation (θK) and (d) Kerr ellipticity (εK) spectra of
Bi3Fe5O12. Red circles in (a) and (b) denote the experimental
values from Ref. [15].
FIG. 12. Calculated complex Faraday rotation. (a) Fara-
day rotation (θF ) and (b) Faraday ellipticity (εF ) spectra of
Y3Fe5O12; (c) Kerr rotation (θF ) and (d) Kerr ellipticity (εF )
spectra of Bi3Fe5O12. Red dashed line in (a) denotes the mea-
sured values from Ref. [15]. Black circles in (a) and (b) are
the experimental values from Ref. [14]. Red (green) circles in
(c) and (d) are the experimental values from Ref. [45] ([17])
MO conductivity spectra are caused by different transi-
tions. Thus the enhanced MO properties due to sub-
stitution of Y in YIG with Bi cannot be understood as
merely enhancement of the SOC in the mixing of heavy
Bi atomic orbital, while structure difference and orbital
mixing of heavy element yttrium(bismuth) should also be
taken account. We found that the strong MO effect near
band gap of BIG is due to its nature of being a single-
spin semiconductor and having bismuth orbital mixed
mainly in conduction band. Our findings of strong MO
effects in both iron garnets and also single-spin semicon-
ductivity in Bi3Fe5O12 suggest that the iron garnets are a
playground of exploring the interplay of microwave, spin
current, magnetism, and optics degrees of freedom and
also have promising applications in high density semi-
conductor MO and low-power spintronics nanodevices.
or as playground of coupling microwave, spin current,
magnetism, and optics degree of freedom altogether.
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